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SUMMARY 
Stresses were calculated for finite-size orthotropic laminates loaded by 
a f r ic t ionless  s teel  pin i n  a circular hole of the same diameter. These cal- 
culations were based on finite-element analyses for s i x  laminates:  quasi- 
isotropic [ 0°/+450/900] O 0 r  90°, [ Oo/9O0] [ +45O] and [ Oo/+45O] s .  Stress 
concentration factors, based on nominal bearing s t ress ,  were determined for wide 
ranges of the ratios of width to diameter w/d  and edge distance to diameter 
e/d. For reference  purposes,  the  infinite-laminate  case was also analyzed for 
each laminate. 
Orthotropy had a significant influence on both the magnitude and location 
of the maximum tensile stress concentration on the boundary  of the hole. For 
example, the stress-concentration factors for the infinite-laminate cases ranged 
from 0.82 to  2.16,  compared w i t h  0.87 for the quasi-isotropic laminate. The 
laminates w i t h  Oo plies  developed the peak tensi le  s t ress  near the ends of the 
pin/hole contact arc. B u t  the 90° and 145O laminates had peaks where ply 
fibers were tangent to the hole. 
The f in i t e  w i d t h s  and  edge distances strongly influenced the tensile 
stress  concentration. For the  practical range w/d 2 3 ,  the peak tensi le  
stresses were as much as 80 percent larger than  the infinite-laminate reference 
value. Even for  rather wide laminates w i t h  w/d = 10, some of the peak tensi le  
stresses were amplified by nearly 20 percent. For e/d I 3 ,  these  stresses 
were amplified by as  much as 50 percent. I n  contrast ,  the finite wid th  and 
edge distance had l i t t l e  e f f e c t  on shear-out and bearing stress concentrations. 
For w/d 2 3 and e/d 2 3 ,  the peak shear-out s t ress  was amplified by less  
than 25 percent and peak bearing s t ress  by only 10  percent. 
INTRODUCTION 
The stress concentrations at fastener holes are widely recognized as having 
a degrading effect  on s t ructural  fa t igue l i fe .  I n  conventional metallic struc- 
tures, fatigue cracks commonly i n i t i a t e  a t  these stress-concentration sites. 
I n  recognition of this, the effects of stress concentrations on crack in i t ia t ion  
and growth have been incorporated into current methods for predicting fatigue 
l i f e .  However, i n  composite structures,  the  stress  concentration  effects  are 
much more complicated and are not well understood. For example, holes can pro- 
duce either composite delamination, matrix crazing, fiber failures, or various 
combinations of these.  Furthermore,  for a pin-loaded hole, these different 
types of  damage  can produce three different modes  of failure: net-tension, 
shear-out,  or  bearing. Before analytical models  can  be developed for  these 
various failures, the stress concentrations at loaded holes m u s t  be better 
understood. To date, the few stress analyses that have dealt w i t h  t h i s  problem 
have  been limited to rather specific cases. The purpose of the present paper 
is to present some of the needed background on s t resses  a t  loaded holes i n  
composite laminates. 
This  s tudy was based on a two-dimensional finite-element analysis of 
stresses i n  an orthotropic laminate that is loaded by a f r ic t ionless  s teel  pin 
i n  a circular hole of the same diameter. Six graphite/epoxy laminates were 
analyzed: quasi-isotropic [0°/+450/9001s, Oo, 90°, [Oo/900]s, [+45OIs, and 
[0O/+45OIs. Finite-element models were developed for wide ranges of width-to- 
diameter ra t io  w/d and edge-distance-to-diameter ra t io  e/d. F i r s t ,  each 
laminate was analyzed  for different values of w/d using one large  value of 
e/d.  Next,  arange of e/d was used wi th  one large w/d value. 
The resul ts  are presented i n  two  ways: f i r s t  as  s t ress  d i s t r ibu t ions  near 
the  hole and then as  stress-concentration  factors  for ranges of w/d and e/d. 
Results for the orthotropic laminates were  compared w i t h  the quasi-isotropic 
laminate which served  as a reference  case.  Similarly,  the w/d and e/d 
effects  were evaluated relative to an infinite-laminate reference case. 
SYMBOLS 
d diameter of hole, m 
Ex, Eyy Young's  modulus i n  x- and y-directions,  respectively, MPa 
e edge distance , m 
GXY 
shear modulus, MPa 
Ks b shear  stress-concentration  factor, ( Txy) max/Sb 
(Ksb)  OD K,b for an infinite  laminate 
K t b  tensile  tr ss-concentration  factor, (Gee) maX/sb 
(Ktb )  OD Ktb for an infinite  laminate 
K t g  gross-section  stress-concentration  factor, (oee)max/sg 
P p i n  load, N 
R radius of hole, m 
r , e  polar  coordinates, m and  deg 
sb nominal bearing  stress, P / td ,  MPa 
sg nominal gross-section stress, MPa 
t laminate  thickn ss, m 
W width of laminate, m 
X I Y  Cartesian  coordinates, m 
2 
8, one -ha l f   t he  ang le  of contac t   be tween  p in  a d   ho le ,   deg  
e m  a n g u l a r   l o c a t i o n   f o r (Oee)max on hole  boundary,  deg
vXY 
P o i s s o n ' s  ratio 
0 stress, MPa 
0rr m e  polar stress components, MPa 
(Oee)max maximum t a n g e n t i a l  stress on  hole  boundary, MPa 
'XY C a r t e s i a n  s h e a r  stress, MPa 
(Txy)max maximum Txy on   shea r -ou t   p l ane   (y  = R) , MPa 
FINITE-ELEMENT  ANALYSIS 
F i g u r e  1 shows t h e   g e n e r a l   p r o b l e m   a n a l y z e d   i n   t h i s   s t u d y .  The l amina te  
had a f r i c t i o n l e s s  hole which  was loaded by a s tee l  p i n  o f  t h e  same d iame te r .  
The l amina te  reacted to t h e  p i n  load by  a uniform s t ress  on its l e f t  end.  The 
h o l e  diameter was uni ty   and t h e  var ious   combina t ions  of w/d and e/d were 
genera ted  by vary ing  w and e i n  t h e  f in i t e - e l emen t  models. The w/d 
effects were ana lyzed   us ing  a s i n g l e ,   l a r g e   v a l u e  of e/d (e/d = 1 0 ) .  Simi- 
l a r l y ,   t h e   e / d   e f f e c t s  were s tud ied  us ing  w/d = 20. For a l l  cases, t h e   h o l e  
was a t  a d i s tance  of  10d  f rom t h e  l e f t  ( l o a d e d )  end of the  l amina te .  
Table  I p r e s e n t s  t he  e las t ic  c o n s t a n t s  f o r  t h e  s i x  l a m i n a t e s  a n a l y z e d .  
These laminates  were selected to cover a broad  range  of  composi te  proper t ies .  
The  Oo l amina te  properties ( ref .  1) were used wi th   l amina te   t heo ry  to c a l c u l a t e  
t h e   e l a s t i c   c o n s t a n t s  for t h e  other  laminates.   Although  the  [0°/+450/900]s 
lamina te  was called a q u a s i - i s o t r o p i c  l a m i n a t e ,  its calculated e l a s t i c  c o n s t a n t s  
s a t i s f y  a l l  t h e  c r i t e r i a  for   i so t ropy .   Consequent ly ,  t h e  r e s u l t s  for t h e  quasi-  
i s o t r o p i c  case were compared w i t h  i s o t r o p i c  s o l u t i o n s  f r o m  t h e  l i t e r a t u r e  as 
a check  on the adequacy of t h e  f i n i t e - e l e m e n t  a n a l y s i s .  
The f i n i t e - e l e m e n t  model for  one-ha l f  of a 20d  by  20d square lamina te  is 
shown i n  f i g u r e  2. To i l l u s t r a t e  t h e  model d e t a i l s ,  it is shown i n   f o u r  par ts .  
Th i s  was t h e   l a r g e s t  model ana lyzed  (w/d = 20 and e/d = 1 0 ) .  Smaller v a l u e s  
of w/d and e/d were ob ta ined  by removing  elements  from  the  width  and 
unloaded  end of the   model ,   respec t ive ly .   This  model employed two t y p e s   o f  
f i n i t e   e l emen t s .   L inea r - s t r a in   (6 -node )   e l emen t s   compr i sed  t h e  2.5d by 5d 
rectangular   egion  around  the  hole .   Uniform-strain  (3-node)   e lements  comprised 
t h e  par t  o f  t h e  m o d e l  o u t s i d e  t h i s  r e g i o n .  The  model was ana lyzed  us ing  the  
BEND f in i te -e lement  computer  program descr ibed  in  re ference  2. 
Note t h a t  t h e  p i n  is also modeled i n  f i g u r e  2 .  The p i n  was loaded a t  
its center   and was connected to t h e  l a m i n a t e  by s h o r t ,  s t i f f  s p r i n g  e l e m e n t s  
(0.002d  long)  between  adjacent  nodes across the   p in / l amina te   i n t e r f ace .   Because  
t h e s e  s p r i n g s  had  no t r a n s v e r s e  s t i f f n e s s ,  t h e y  t r a n s f e r r e d  o n l y  r a d i a l  l o a d s  
3 
and thereby produced the desired frictionless interface. Also, these  springs 
were used to allow the pin and laminate to separate along part of their inter- 
face. T h i s  was accomplished by assigning a zero stiffness to springs along t h e  
separation  arc.  References 3 and 4 show that t h i s  separation was independent 
of loading level for the special case of an i n i t i a l l y  snug f i t  (zero clearance) 
between the  pin and laminate. For t h i s  reason, a snug f i t  was used  i n  the 
present s tudy.  For each  combination of material and configuration, the separa- 
tion angle was estimated and a computer run was  made.  When a spring was  com- 
puted to have a tensile force, its s t i f fness  was s e t  equal to zero and that 
case was rerun. Such reruns were  needed for  only a few cases. 
RESULTS AND DISCUSSION 
Evaluation of Finite-Element Procedure 
The finite-element procedure was evaluated by comparing results for the 
quasi-isotropic laminate w i t h  results i n  the l i terature for an isotropic, 
infinite sheet containing a rigid pin w i t h  a snug f i t .  The appendix describes 
the present finite-element analysis used to approximate t h i s  infinite-sheet case. 
The results for this special case are presented i n  figure 3 as  s t ress  dis t r i -  
butions around the  hole. The stresses are normalized by the nominal bearing 
s t ress  Sb, which is defined  as P/ td ,  where P is the  pin  load, t is the 
laminate  thickness, and d is the  hole  diameter. 
Figure 3 also  includes a curve  for Drr = -4/m cos 8 because several 
authors have  assumed t h i s  cosine distribution for bearing stress, either 
directly or indirectly,  by assuming a rigid-body  displacement  for  the  pin. The 
present results (solid curve) and the results of reference 5 (dashed  curve) are 
i n  general agreement w i t h  the cosine distribution, except for the angle of 
contact between the  pin and the  laminate. The 90° contact  angle 8, for  the 
cosine distribution is slightly larger than the 83O contact angle found i n  the 
present s tudy  and i n  references 3 and 5. 
The age curves  reach a peak  (O88)max near  the end  of the  contact  arc. 
T h i s  peak was represented by a tensile  stress-concentration  factor Kt-,. I n  
references 6 and 7, it was  assumed that 8, = 90°, and Ktb was calculated 
as  0 . 8 1 .  I n  references 3 and 5 ,  however, Ktb was calculated  as 0 . 9 2  and 0 . 9 1 ,  
respectively, when 8, = 83O was used. As shown i n  figure 3 ,  these  results 
bracket  he  present Ktb of 0.87. I n  general,  the  present  results  agree 
reasonably we11 w i t h  the available solutions for pin-loaded holes i n  isotropic 
sheets. 
As an additional check on the present finite-element model, stresses were 
computed for an open hole (zero bolt modulus) i n  a sheet under remote uniaxial 
tension. For isotropic  material  properties, a gross-section  stress-concentration 
factor Ktg of 3.01  was calculated, compared w i t h  the  familiar  value of 3 . 0 0  for 
an infinite sheet. For the extreme case of Oo laminate  properties, Ktg = 6 . 4 5 ,  
which  compares favorably w i t h  the infinite-sheet value of 6 . 4 3  from reference 8 .  
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Width  Effec ts  
A s  p rev ious ly   men t ioned ,   s ix   l amina te s  were analyzed. The w/d v a l u e s  
ranged from 2 to  20 and e/d was 10 .  For  each case, t h e   l a m i n a t e  was loaded 
by a s teel  p in  having  a snug f i t .  R e s u l t s  are f i r s t  p r e s e n t e d  as stress dis- 
t r i b u t i o n s  n e a r  t h e  h o l e  a n d  are b r i e f l y  d i s c u s s e d  i n  terms of t h e  b a s i c  f a i l -  
u r e  modes: ne t - tens ion ,   shear -out ,   and   bear ing .   Next ,   s t ress -concent ra t ion  
factors are p l o t t e d   f o r  a range of w/d v a l u e s .   F i n a l l y ,   t h e s e  stress- 
c o n c e n t r a t i o n  factors are compared  wi th  the i r  co r re spond ing  in f in i t e - l amina te  
v a l u e s .  The q u a s i - i s o t r o p i c  l a m i n a t e  s e r v e s  as a r e f e r e n c e  case to e v a l u a t e  
t h e  e f f e c t s  of a n i s o t r o p y .  
S t r e s s  d i s t r i b u t i o n s . -  S t r e s s e s  for t h e  q u a s i - i s o t r o p i c  l a m i n a t e  are shown 
i n   f i g u r e  4. F o r   s i m p l i c i t y ,   o n l y   r e s u l t s   f o r  w/d = 2,  3, and co are shown; 
o t h e r   r e s u l t s   f o r   t h e   f u l l  w/d range are summarized i n  table 11. I n   f i g -  
ure 4 ( a ) ,  t h e  088  curve   fo r  w/d = 2 has  a maximum v a l u e  (U88)max t h a t  is 
more than twice t h a t  for w/d = 00. I n   c o n t r a s t ,   t h e  U r r  c u r v e s  show o n l y  
minor   d i f f e rences  for t h e   v a r i o u s  w/d v a l u e s .   I n  fac t ,  t h e  maximum U r r  is 
n e a r l y   u n a l t e r e d ,  and t h e   c o n t a c t   a n g l e  8, v a r i e s   o n l y  from abou t  83O to 90°. 
Figure   4 (b )   shows   t he   shea r  stress Txy  computed for t h e  s h e a r - o u t   f a i l u r e  
p l a n e ,  y = R. The  narrow  laminate wid th  of w/d = 2 e l e v a t e d   t h i s  Txy by 
a b o u t  25 p e r c e n t  a b o v e  t h e  i n f i n i t e - l a m i n a t e  case. 
The Oo l amina te  stresses are p r e s e n t e d   i n   f i g u r e  5. The Ua0 c u r v e s   f o r  
t h i s  h i g h l y  o r t h o t r o p i c  case have larger maximum v a l u e s  a n d  l a r g e r  g r a d i e n t s  
t h a n   f o r  t h e  q u a s i - i s o t r o p i c  case. However, (OaO)max for w/d = 2 is on ly  
abou t  twice a s  l a r g e  as the  co r re spond ing   va lue   fo r  w/d = a; t h i s  w/d e f f e c t  
is comparable to t h a t  found  for   the  quasi-isotropic l amina te .  The CJrr cu rves  
d i f f e r  marked ly  f rom t h e  c o s i n e  d i s t r i b u t i o n  and  have a sharp peak a t  8 = Oo, 
which is the  s t i f f e s t   d i r e c t i o n   f o r   t h i s  Oo l amina te .  The U r r  curves   have 
almost no  dependence  on w/d and  show a c o n t a c t   a n g l e  8, o f   abou t  82O. The 
Txy c u r v e s  are also o n l y   s l i g h t l y   d i f f e r e n t   f o r   t h e   r a n g e   o f  w/d va lues .  
R e s u l t s  for t h e  90° l amina te  are p r e s e n t e d   i n   f i g u r e  6. Al though  the  080 
curves  have t h e  expected peaks near  8 = 90°, they   have   h igher  peaks a t  8 = Oo. 
Note t h a t  i n  t h i s  90° l a m i n a t e  t h e  f i b e r s  are t angen t  to t h e  h o l e  a t  t h e  p o i n t  
o f  maximum Uee. Again ,   the  U r r  c u r v e s  are q u i t e  similar to one   another ;  a l l  
d e v i a t e  from t h e   c o s i n e   d i s t r i b u t i o n .  Also, t h e y   d e v i a t e   s i g n i f i c a n t l y   f r o m   t h e  
t w o  p r e v i o u s   l a m i n a t e s  by h a v i n g   t h e i r  maxima near  8 = 70°. The c o n t a c t   a n g l e s  
i n   f i g u r e  6 range  f rom  about  84O to 86O. The Txy c u r v e s   i n   f i g u r e  6 have 
h ighe r  peaks than those found for t h e  two p rev ious  l amina te s .  
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The stress distributions for the [ +45] laminate, plotted i n  figure 8 ,  are 
unlike  those i n  previous  figures. The Gee curve for w/d = has  a  pro- 
nounced  peak a t  8 = 45O, where the -45O ply fibers are tangent to the hole. 
For smaller w/d values,  the Gee curves have a second peak near 8 = 1350 
where the 45O ply fibers are tangent to the hole. T h i s  second peak appears to 
be strongly  amplified  for narrow laminates.  Furthermore, narrow laminates show 
larger contact angles and larger stresses near the end of the contact arc than 
wide laminates. 
The 1 Oo/+45O1 resul ts  shown i n  figure 9 have the  expected  trends. For 
small w/d values, ( G e e )  max is nearly  three  times  the  infinite-laminate  value. 
T h i s  peak value  occurs s l i g h t l y  beyond the  region of contact. The u r r  and 
T X  curves  are  similar  to  the  quasi-isotropic  results and are not strongly 
inrluenced by the laminate width .  
Stress-concentration factors.- To compare the s i x  different laminates, the 
stress-concentration  factor Ktb was calculated u s i n g  each  value of (aae)max 
i n  the  previous  figures. These Kt-, values  are  listed i n  table I1 along w i t h  
the  location 8, for each value of (Uee )max and the  contact  angle 8, that  
occurred  for each case. The Ktb values  are  also  plotted i n  figure 10 for  the 
range 2 2 w/d 5 10.  T h i s  figure shows similar width e f fec ts  for  a l l  s i x  lami- 
nates:  the  larger w/d values produced smaller Ktb values. As previously 
mentioned, the quasi-isotropic case provides a reference for evaluating the 
anisotropy effects. The curve for t h i s  reference case lies near the lower 
extreme for  the range of  computed resul ts .  Only the [ Oo/+45O] curve is lower. 
Note that the results from reference 9 for a finite-width isotropic sheet agree 
closely w i t h  the present quasi-isotropic results. As expected, the Oo laminate 
curve is the upper  bound for the range of resul ts ,  and the [ O0/9OO] curve l i e s  
near  the middle of this range. Comparisons involving the 90° laminate and the 
1 +45OI laminate are difficult because their  (Gee ) max values  occurred a t  
8, = Oo and 45O, respectively,  rather than at  the  usual 8, 90° for  the 
laminates containing some OO plies .  
The curves i n  figure 10  appear to have a negative slope even a t  w/d = 10,  
suggesting  that  the width effects  may exis t  beyond w/d = 10. To investigate 
t h i s ,  the Ktb values were each normalized by their  corresponding inf ini te-  
laminate  value (Kt-Joo and then replotted i n  figure 11. Of the s i x  curves i n  
figure 11 , only those for the 90° laminate and the [ +45O] laminate approach 
u n i t y ,  indicating t h a t  only for these laminates is the effect negligible for 
w/d = 10.  The other  four  curves converge to  about 1.17. T h i s  means that Ktb 
is amplified by 17 percent even for a rather wide plate w i t h  w/d = 10. For 
comparison, i f  the present laminates had unloaded holes and remote uniaxial 
loads, their stress concentrations would  be amplified by less  t h a n  about 2 per- 
cent  at  w/d = 10 (ref.  1 0 )  . T h i s  comparison shows that  a f in i t e  width i n f l u -  
ences the tensile stress concentration a t  a loaded hole much  more t h a n  it does 
for an unloaded hole. I n  figure 1 1 ,  the  curves  for a l l  the  laminates  that con- 
tain some Oo plies lie close to the quasi-isotropic reference curve. I n  fact ,  
for w/d 2 3 ,  use  of the quasi-isotropic curve to approximate the others w i t h  
Oo plies  would resul t  i n  errors of less  than 10 percent. The other two lami- 
nates, 90° and [ +45O] s, have curves i n  figure 11 t h a t  l i e  well below that for 
the quasi-isotropic case. However, these tw laminates have their  peak values 
a t  8, = Oo and 45O, respectively. 
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Edge-Dis t a n c e   E f f e c t s  
As p r e v i o u s l y  d e s c r i b e d ,  t h e  s i x  l a m i n a t e s  were ana lyzed  for  edge-d is tance  
effects by us ing  a va lue   o f  w/d = 20.  The e/d  values  ranged  from 1 to 20. 
The l amina te s  were assumed to be loaded by a steel  p i n  f i t t i n g  s n u g l y  i n  t h e  
h o l e .  F i r s t ,  t h e  r e s u l t s  are p l o t t e d  as stress d i s t r i b u t i o n s  f o r  e a c h  l a m i n a t e .  
The s t r e s s - c o n c e n t r a t i o n  f a c t o r s  f o r  t h e  s i x  l a m i n a t e s  are then  compared  with 
one  ano the r  and  wi th  the i r  co r re spond ing  in f in i t e - l amina te  va lues .  
S t r e s s  d i s t r i b u t i o n s . -  The q u a s i - i s o t r o p i c  case was again used as a r e f e r -  
ence  to i n v e s t i g a t e  t h e  e f f e c t s  o f  l a m i n a t e  a n i s o t r o p y  o n  stresses a t  a loaded 
h o l e .  S t r e s s  d i s t r i b u t i o n s  f o r  t h e  q u a s i - i s o t r o p i c  case are p r e s e n t e d   i n   f i g -  
ure   12.  The c u r v e s   f o r  t w o  f i n i t e   e d g e   d i s t a n c e s   ( e / d  = 1 and  2) are shown 
a long   w i th   t hose   fo r   an   i n f in i t e   l amina te   ( e /d  = m). For the  extreme  e /d  = 1 
case i n  f i g u r e  1 2  (a)  , the   peak  5 8 8  is about  twice as l a r g e  as  t h a t  f o r  
e/d = co. As expec ted ,   t h i s   peak  occurs near   the  end  of   the  contact  ar'c. B u t  
f o r   s m a l l  e/d v a l u e s ,   t h i s   p e a k   s h i f t s   s l i g h t l y  to t h e   l e f t ,   i n   c o n t r a s t  to 
f i g u r e  4 ( a ) ,  which  shows a s l i g h t  s h i f t  to the  r i g h t  f o r  small w/d va lues .  
Otherwise,   however ,   the  088 t r e n d s   i n   f i g u r e   1 2  (a )  are q u i t e  similar to those  
i n   f i g u r e  4 ( a ) .  The Or r  and Txy c u r v e s   i n   f i g u r e s  1 2 ( a )  and  12(b)  show 
l i t t l e  i n f l u e n c e   o f  e/d, as  long as e/d b 2. 
F i g u r e   1 3   p r e s e n t s  stresses computed for t h e  Oo l amina te .   This   ex t remely  
o r t h o t r o p i c   l a m i n a t e  is s t r o n g l y   i n f l u e n c e d  by f i n i t e   e d g e   d i s t a n c e s .  Even for 
e/d = 2, f i g u r e   1 3 ( a )  shows t h a t  (Gee),,, is about  twice as  l a r g e   a s   f o r   t h e  
r e f e r e n c e  case (e/d = co). For  e/d = 1 ,  it is a b o u t   t h r e e  times as l a r g e .  
(See table 111.) Th i s  stress ampl i f i ca t ion   due  to f i n i t e  e/d v a l u e s  is l a r g e r  
t h a n   t h a t  shown i n   t h e   p r e v i o u s   s e c t i o n   f o r   f i n i t e  w/d va lues .   This  is prob- 
a b l y  a t t r i b u t a b l e  to t h e  f a c t  t h a t  t h e  Oo l amina te  is v e r y  s t i f f  i n  t h e  e d g e -  
d i s t a n c e  d i r e c t i o n  b u t  v e r y  f l e x i b l e  i n  t h e  w i d t h  d i r e c t i o n .  I n  c o n t r a s t  to 
t h e  088 c u r v e s ,   t h e  O r r  cu rves  show very l i t t l e  e /d   i n f luence ;  t h e  c o n t a c t  
a n g l e  8, is about 82O f o r   t h e  f u l l  range  of  e/d  values.  
F igure   13   (b)  shows t h a t  e/d has a s t r o n g   i n f l u e n c e  on t h e  Txy v a l u e s  
computed f o r  t h e  shea r -ou t   p l ane   (y  = R) . The T curve   for   e /d  = 1 has 
a p e a k   t h a t  is about t h r e e  times as l a r g e  as t h e  I n f i n i t e - l a m i n a t e   v a l u e .  The 
(Txy)max  values are similar f o r   b o t h   t h e  Oo and q u a s i - i s o t r o p i c   l a m i n a t e s .  O f  
course, t h e s e  l a m i n a t e s  h a v e  d i f f e r e n t  shear s t r e n g t h s  and t h e r e f o r e  s h o u l d  
r e s p o n d   i f f e r e n t l y  to t h e  same TX stress. For  example,  the 00 l amina te  
has a s h e a r  s t r e n g t h  t h a t  is on ly  a g o u t  o n e - f o u r t h  t h a t  f o r  t h e  q u a s i - i s o t r o p i c  
case and is t h e r e f o r e  more v u l n e r a b l e  to t h e  s h e a r - o u t  f a i l u r e  mode. 
XY 
The 90° l amina te  stresses are p l o t t e d  i n  f i g u r e  1 4 .  A l l  t h r e e  stresses 
show r e l a t i v e l y  l i t t l e  inf luence  of   e /d .   These stresses were i n c r e a s e d  by on ly  
abou t  50 pe rcen t   even   fo r   t he   ex t r eme   e /d  = 1 case. P e r h a p s   t h i s   l a m i n a t e  
shows l i t t l e  s e n s i t i v i t y  to the  f r ee  edge  because  it has a very  l o w  s t i f f n e s s  
i n   t h e   e d g e - d i s t a n c e   ( x - a x i s )   d i r e c t i o n .  
The [00/900]s l amina te  is r e l a t i v e l y  s t i f f  i n  t h e  x - d i r e c t i o n  a n d ,  as 
expected,   has  a much s t ronger   dependence  on  e /d   than  observed  for   the 90° 
laminate .  For  e/d = 1 ( f i g .  15) , t h e  ( U e e ) m a x  is abou t  twice as l a r g e  
as when e/d = Q). A l s o ,  ( 0 0 0 )  max occurs a t  8 = Oo f o r   t h i s   e / d  = 43 
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reference  case b u t  occurs a t  8 = 90° for  f in i te  edge distances.  Similarly, 
the urr peak occurs a t  8 = Oo for e/d = 00 but s h i f t s  toward 8 = 45O for 
f in i t e  e/d values. 
Figures 16 and 17 present stress distributions for the [+45O],  and t h e  
[Oo/+450]s laminates,  respectively. A s  expected,  the [+45OIs curves i n  fig- 
ure 16 (a) have their peak value a t  8 = 45O, where the -45O ply fibers are 
tangent to the hole. T h i s  highly stressed -45O ply is probably responsible for 
the relatively large peak shown i n  figure  16(b). The 068  curves  for 
the [0°/+450]s laminate ave their peak a t  the  usual 8 = 90° location. I n  
f ac t ,  a l l  t he  [0°/+450]s results i n  figure 17 are quite similar to t h e  
[0°/+450/900]s reference  case i n  figure 1 2 .  Apparently,  the 90° pl ies  have 
l i t t l e  influence on the stresses near a loaded hole when they are used together 
w i t h  Oo and +45O plies.  
Txf: 
Stress-concentration  factors.-  Stress-concentration  factors Ktb for  the 
s i x  laminates  are compared for a range of e/d i n  figure 18. These Kt-, values 
were calculated u s i n g  (Uee)max from Uee st ress   dis t r ibut ions.  These- Ktb 
values  are  also  presented i n  table 111, along w i t h  the  contact  angle 8, and 
the  angular  location  for each case.  Figure 18 shows that,  despite  the wide 
range of Ktb for e/d = 1 ,  a l l  s i x  curves l i e  w i t h i n  a range of 0.90 to 2.16 
for e/d = 10. A s  i n  the  previous  analysis  for w/d effects,  the  quasi- 
isotropic reference curve lies near the lower  end  of t h i s  range.  Apparently, 
the quasi-isotropic laminate provides the most uniform load transfer near a 
loaded hole.  Anisotropy  produces m r e  concentrated load paths and correspond- 
i n g l y  higher stress concentrations. 
Figure 19 presents a comparison of these Ktb resul ts  i n  a different way. 
Each  Ktb value was normalized by the  corresponding (Ktb), value  for  that 
laminate. Each curve i n  figure 1 9  should approach u n i t y  for sufficiently large 
e/d values, and they a l l  appear to have t h i s  trend. For e/d = 10,  each curve 
l i e s  w i t h i n  the narrow range of 1 . O  to 1.1.  However, for e/d = 3 ,  a practical  
value  for  bolted  joints,  the Ktb for a quasi-isotropic  laminate is about 
25 percent  larger  than  for  the  infinite-laminate  case; Ktb values  for a l l  the 
other  laminates w i t h  Oo plies are even larger. The largest increase is about 
50 percent for the Oo laminate. 
Because shear-out is a viable  failure mode for  f in i te  e/d cases,  stress- 
concentration factors were also calculated for the stress along the shear- 
out  planes.  Figure 20 shows the  stress-concentration  actor Ksb = ( T ~ ~ ) ~ ~ ~ / s ~ .  
(Also see  table I V . )  For e/d = 1 ,  the Ksb results  are  rather t i g h t l y  grouped 
i n  the range 0.7 to 0.9. B u t  for  larger e/d values, Ksb ranges from about 
0 . 2  to 0.6. As expected,  the 90° laminate  provides  the upper bound for t h i s  
range and the Oo laminate  provides  the lower bound. The quasi-isotropic curve 
l i e s  near midrange. 
TxP
Each Ksb was normalized by the  corresponding  infinite-laminate  value 
(Ksb),. These Ks.,/(Ksb)co results  are shown i n  figure 21. A s  expected,  for 
small e/d values,  the  results have a wide range. B u t  for e/d 2 3 ,  a l l  s i x  
curves  are  closely grouped and approach u n i t y .  For e/d h 3 ,  the e/d effect  
is less  than  about 25 percent, even for the extremely orthotropic Oo laminate. 
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St re s s -concen t r a t ion  factors for t h e  O r r  stress were also c a l c u l a t e d ,  
b u t   t h e  e/d e f f e c t s  were found to b e   q u i t e  small. For e/d 2 3 ,  t h e  peak 
Orr  stresses were less than  10 p e r c e n t   l a r g e r   t h a n   c o r r e s p o n d i n g   i n f i n i t e -  
lamina te   va lues .   Consequent ly ,   e /d   should   have  a n e g l i g i b l e   e f f e c t  on  bear- 
i n g   s t r e n g t h  for e/d 2 3.  
CONCLUDING REMARKS 
S t r e s s e s  were c a l c u l a t e d  f o r  f i n i t e - s i z e  o r t h o t r o p i c  l a m i n a t e s  t h a t  are 
loaded  by a f r i c t i o n l e s s  steel  p i n  i n  a c i r c u l a r  h o l e  of t h e  same diameter. 
These  ca l cu la t ions  were based  on  f in i t e - e l emen t  ana lyses  fo r  s ix  l amina te s :  
q u a s i - i s o t r o p i c  [ 0°/+450/900] s ,  Oo, 90°, [ 0°/900] s ,  [ +45O] and [O0/+45o],, 
S t r e s s - c o n c e n t r a t i o n  f a c t o r s  were based on nominal bearing stress and were 
determined for wide  ranges  of  width-to-diameter ra t io  w/d and  edge-distance- 
to-diameter ra t io  e /d .   Fo r   e f e rence   pu rposes ,   t he   i n f in i t e - l amina te  case 
was also ana lyzed  for  each lamina te .  
When load is i n t r o d u c e d  i n t o  a lamina te  by a p i n ,  t h e  h o l e  surface and 
p i n  r e m a i n  i n  c o n t a c t  o n l y  o v e r  a p o r t i o n  o f  t h e  hole boundary defined by a 
c o n t a c t   a r c .   I n   g e n e r a l ,   f o r  cases w i t h   e i t h e r   a n   i n i t i a l   c l e a r a n c e  €it or an 
i n t e r f e r e n c e  f i t ,  t h i s  c o n t a c t  arc v a r i e s  w i t h  load. However, r e c e n t  l i t e r -  
a ture  shows t h a t  t h e  p r e s e n t  case w i t h  an i n i t i a l l y  s n u g  f i t  has  a c o n t a c t  arc 
t h a t  is independent   of  load. Although  each  combination of l a m i n a t e   m a t e r i a l  
and configurat ion produced a d i f f e r e n t  c o n t a c t  arc, each s u c h  arc was i n  t h e  
narrcw  range  of 160° to  180°. T h e r e f o r e ,   n e i t h e r   t h e  wide ranges  of  material 
anisotropy nor  laminate  configurat ion had much i n f l u e n c e  o n  t h e  c o n t a c t  arc. 
As expec ted ,  an i so t ropy  had a s t r o n g  i n f l u e n c e  on t h e  c o n t a c t  stress dis t r i -  
b u t i o n s .   T h e s e   d i s t r i b u t i o n s   d e v i a t e d   s i g n i f i c a n t l y  from t h e  well-known c o s i n e  
d i s t r i b u t i o n ,  e s p e c i a l l y  for t h e  00 and 90° l amina te s .  
The an i so t ropy  also had a s t rong  in f luence  on  t h e  magnitude  and  location 
of the   peak   t angen t i a l  s t ress  on the  hole   boundary.   This   peak was r ep resen ted  
by a s t r e s s - c o n c e n t r a t i o n   f a c t o r  Ktb.  For t h e   i n f i n i t e - l a m i n a t e  case, t h e  
s t ress  concentrat ion  factor   ranged  f rom  0.82 to  2.16  compared to  0.87 f o r  t h e  
q u a s i - i s o t r o p i c   l a m i n a t e .  The s t ress  peak  developed  near  the  end of t h e  c o n t a c t  
arc e x c e p t  f o r  t h e  90° and [ +4S0] laminates ,   which had the i r   peaks   where   t he  
p l y  d i r e c t i o n s  ( f i b e r s )  were t angen t  to t h e   h o l e .  
The nar row  lamina tes   p roduced   la rge  Kt-, v a l u e s  for the loaded holes. Even 
for a r a t h e r  wide (w/d = 1 0 )  c o n f i g u r a t i o n ,  t h e  q u a s i - i s o t r o p i c  l a m i n a t e  had a 
Ktb t h a t  was n e a r l y  20 pe rcen t   l a rge r   t han  its i n f i n i t e - l a m i n a t e   r e f e r e n c e   v a l u e  
I n  c o n t r a s t ,  for an   un loaded   ho le ,   the   cor responding   s t ress -concent ra t ion  factor 
is on ly   abou t  2 p e r c e n t   l a r g e r   t h a n  its in f in i t e - l amina te   va lue .   In   gene ra l ,  
t h e  o r t h o t r o p i c  l a m i n a t e s  c o n t a i n i n g  Oo plies  produced t r e n d s  q u i t e  l i k e  t h a t  f o r  
t h e   q u a s i - i s o t r o p i c   l a m i n a t e ,   e s p e c i a l l y   f o r  w/d b 3 .  A l s o  f o r  w/d 2 3 ,  t h e  
peak  bear ing  stresses for a l l  s i x  l a m i n a t e s  were e l e v a t e d  by less than  abou t  
10 pe rcen t .  
A s  expected,  t h e  f i n i t e - e d g e  d i s t a n c e  also i n c r e a s e d  t h e  stresses n e a r  t h e  
loaded   ho le .  However, t h i s   i n f l u e n c e   v a r i e d   w i d e l y  for t h e   d i f f e r e n t   l a m i n a t e s  
and d i f f e r e n t  stresses. For the   ex t reme case of e/d = 1 ,  t h i s   i n f l u e n c e  
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i n c r e a s e d   t h e  Oo l amina te  Rtb by more than 200 p e r c e n t  b u t  i n c r e a s e d   t h e  
90° l amina te  Ktb by o n l y  50 pe rcen t .  The edge   d i s tances   on ly   weakly  
in f luenced   t he   peak   va lues   fo r   shea r -ou t  and bea r ing  stress. For e/d 2 3 ,  
the   peak  shear stresses were i n c r e a s e d  by less than  about 25 percen t .  Simi- 
l a r l y ,  f o r  e/d 2 3 ,  t he   peak   bea r ing  stresses were i n c r e a s e d  by less than  
10 pe rcen t .  
I n  summary, b o t h  f i n i t e  w i d t h  a n d  f i n i t e  e d g e  d i s t a n c e  h a d  a s t r o n g  i n f l u -  
ence on t h e  maximum t e n s i l e  stress, b u t  had much less i n f l u e n c e  on t h e  other 
peak stresses n e a r  t h e  h o l e .  
Langley Research Center  
Nat iona l  Aeronaut ics  and  Space  Adminis t ra t ion  
Hampton, W 23665 
A p r i l  1 ,  1981 
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APPENDIX 
APPROXIMATION  FOR  INFINITE-LAMINATE  CASE 
To a n a l y z e  t h e  i n f i n i t e - l a m i n a t e  case, t h e  f i n i t e - e l e m e n t  p r o c e d u r e  was 
s y s t e m a t i c a l l y  applied f o r   i n c r e a s i n g   v a l u e s  of w/d. The  computed stress- 
c o n c e n t r a t i o n  factor K t b  for a loaded h o l e  was expec ted  to a s y m p t o t i c a l l y  
approach an in f in i t e - l amina te   va lue   (K tb )  w. This   anc i l la ry   "convergence"  
s tudy  was conducted with a squa re ,  quasi-isotropic laminate  and,  for com- 
par i son  wi th  the l i t e r a t u r e ,  t h e  p i n  was assumed to b e  r i g i d .  
F igu re  22 and table  V p r e s e n t  Ktb v a l u e s  for t h e  t h r e e  d i f f e r e n t  load- 
i n g  cases ana lyzed   i n   t he   conve rgence   s tudy .  Case 1 ,  r ep resen ted  by the  upper  
cu rve ,  is t h e  b a s i c  p r o b l e m  dea l t  w i t h  i n  t h i s  s t u d y .  Case 2 is inc luded   fo r  
comparison  purposes. Note t h a t  cases 1 and 2 have  the remote stress r e a c t i o n s  
on   oppos i te   ends  of t h e  model. Otherwise ,   these  t w o  cases are i d e n t i c a l  a n d ,  
fo r   an   i n f in i t e   l amina te ,   t hey   shou ld   have   t he  same (Ktb), va lue   because   t he  
remote stress would  be  zero for both  cases. On t h e  o t h e r  h a n d ,  t h e  d i f f e r e n c e  
between  the Ktb c u r v e s   f o r  cases 1 and 2 is a m e a s u r e   o f   t h e   f i n i t e - s i z e  
e f f e c t   f o r  a g iven  w/d va lue .  The c u r v e s   f o r  cases 1 and 2 converge  s lowly 
i n  f i g u r e  22 and d i f f e r  by almost 20 p e r c e n t  a t  w/d = 20. 
Because n e i t h e r  t h e  case 1 curve   nor   the  case 2 curve  approached a limit 
f o r   t h e   p r e s e n t   r a n g e  of w/d, t h e   t h i r d  case was cons ide red .   Th i s  case could 
be   genera ted  by super impos ing   cases  1 and 2.  T h e r e f o r e ,   i f  cases 1 and 2 have 
t h e  same limit, then  the  limit m u s t  a l so  apply  to case 3. Conversely,  a limit 
found  for case 3 would also be t h e  desired limit f o r  case 1 .  Toward t h i s   e n d ,  
case 3 load ing  was u s e d  i n   t h e   f i n i t e - e l e m e n t   a n a l y s i s  for a range  of  w/d 
va lues .  The r e s u l t i n g  Kt-, c u r v e   i n   f i g u r e  22 has   near ly   converged  for 
w/d = 20. 
To check  the  a s sumpt ion  tha t  a l l  three c u r v e s  i n  f i g u r e  22 converge to 
(Ktb)w, each  curve was e x t r a p o l a t e d  by us ing  a numer i ca l   ana lys i s .  Each  curve 
was approximated by the  cubic  polynomia l  
The c o e f f i c i e n t s   a 0  to a3 were ob ta ined  by a l e a s t - s q u a r e s   f i t  to t h e  Ktb 
v a l u e s  i n  t a b l e  V. The polynomials  were each  found to have a c o r r e l a t i o n  coef- 
f i c i e n t   t h a t   d e v i a t e d   f r o m   u n i t y  by less than 4 x i n d i c a t i n g   n e a r l y  
perfect agreement   wi th   the   t abula ted  Ktb va lues .   Fo r   ve ry   l a rge  w/d v a l u e s ,  
each  polynomial   approaches its cons tan t   a0  term. Therefore ,   each   a0  was 
an e s t i m a t e  for (Ktb)w.   The  three  a0  values  were 0.863,  0.864,  and  0.863, 
r e s p e c t i v e l y ,   f o r  cases 1 ,  2, and  3. The re fo re ,   t he   t h ree   cu rves   conve rge  to 
t h e  same limit of abou t  0.863. 
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APPENDIX 
For convenience, the  case 3 results for w/d = 20 were  assumed to  
approximate  the infinite-laminate  results  for  case 1. The resulting  value 
(Ktb)  o3 = 0.869 was considered to be sufficiently close to the 0.863 extrapolated 
limit. The infinite-laminate  stress  distributions and (Ktb), values for the 
other laminates were also approximated us ing  case 3 loading w i t h  w/d = 20. 
The (Ktb) ,  values  are  presented i n  table I1 and, for comparison purposes,  are 
repeated i n  table 111. The shear  stress-concentration  factors (Ksb), for an 
infinite laminate are presented i n  table IV. 
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TABLE I.- LAMINATE  ELASTIC  CONSTANTS 
Laminate 
14 
TABLE 11.- TENSION  STRESS-CONCENTRATION  FACTORS  FOR w/d RANGE  WITH e/d = 10 
Quasi- 
isotropic 
~ ~ ~ ~~~~~ 
[0°/+450/9001 
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ctd 
1.53 c1 .48 (83) i 86 










i s o t r o p i c  [ O0/f4 5O] [ +4 501 [ 00/9001 s 900 00 
[ 0 ~ / + 4 5 ~ / 9 0 ~ 1  
aAn approximation  using  e/d = 10; see case 3 loading  in   appendix.  
bKtb = (Ktb),. 
‘(08e)max = 1.65 a t  8 = Oo. (See   f ig .   7 . )  
TABLE 1V.- SHEAR STRESS-CONCENTRATION FACTORS FOR SHEAR-OUT PLANE WITH e/d RANGE AND w/d = 20 
1- Quasi- 1 I ! 
I 
Ksb (x/RIa I Ksb ~ x/R ~ X/R Ksb x/R 
' 1 Ksb I 1 Ksb 
I 
1 0.80 0.75 0.70 0.80 0.78 0.65 0.72 0.80 0.92 0.55 0.78 
2 0.55 0.75 0.39 0.90 0.64 0.60 0.46 0.80 0.66 0.60 0.50 
3  0.51 0.75 0.30 1.0 0.62 0.60 0.40 0.80 0.60 0.60 0.46 
5  0.47 0.75 0.26 1.0 0.60 0.60 0.37 0.80 0.57 0.60 0.43 
10 0.46 0.75 0.24 1.0 0.59 0.60 0.35 0.80 0.55 0.60 0.42 
bm '0.45 0.75 '0.24 1.0 '0.57 0.60 '0.33 0.80 '0.52 0.65 '0.41 
aLocation of peak shear stress on shear-out plane ( y  = R ) .  
bAn approximation us ing  e/d = 10; see case 3 loading i n  appendix. 
'Ksb = (Ksb)m* 
TABLF: V.- STRESS-CONCENTRATION  FACTORS FOR A SQUARE  QUASI-ISOTROPIC 












Tens ion/cmpr   ess ion  
(case 3) 
t b  e,, deg t b  em, deg K t b  em, deg 




0.693 82  86  0.964 
1.040 86 0.888 82 86 0.752 b( 0.736) 
0.975 86  0.874 82 86 0.777 b(0.774) 
0.944 86 0.869 0.794 86 I 86 
aSee  f igure  22 for d e s c r i p t i o n  of loading  types .  
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T W 
Figure 1 .- Laminate  configuration and  loading. 
19 
P-" 10d e = 1 0 d  
w 
" 
2 .5d  
1 X a 
" 
X 









- 1 . c  
-1.5 
Eshwar e t  a l .  ( r e f .  3 )  
P r e s e n t   s o l u t i o   B i c k l e y   ( r e f . 6 )  
Waszczak ( r e f .  7 )  
DeJong ( r e f .  5 )  
Y 
90 180 
Figure  3 . -  S t r e s s e s  i n  q u a s i - i s o t r o p i c  l a m i n a t e  l o a d e d  by a r i g i d  p i n ;  
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(a) Stresses along hole boundary (r = R) . 
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( b )  Shear s t ress  along shear-out plane (y  = R) . 
Figure 4.- Stresses i n  quasi-isotropic laminate as a function of 












(a) Stresses along hole boundary (r = R ) .  
'r = 
0 1 2 
x/R 
(b) Shear s t ress  along shear-out plane. 
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0 90 180 
p ,  deg 
( a )  S t r e s s e s  a l o n g  hole boundary ( r  = R )  . 
0 1 2 3 
x /  R 
(b)  Shear  stress a long  shea r -ou t  p l ane  (y  = R )  . 







- 2  
(a) St re s ses  a long  ho le  boundary  (r = R) . 
I 
0 1 2 
x/R 
3 
(b)  Shear stress a long  shear -out  p lane  ( y  = R) . 
Figure  7.- Stresses i n  [0°/900]s l amina te  as a f u n c t i o n   o f  w/d; e/d = 10. 
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(b) Shear s t ress  along shear-out plane (y = R) . 
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(a)  Stresses  along hole  boundary ( r  = R)  . 
I 1 1 I 
0 1 2 
x/R 
(b)  Shear stress along shear-out plane (y = R) . 
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Figure 10.- 0 0 0  stress-concentration factors as a function of 
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Figure 1 1  .- Normalized D e e  stress-concentration factors as a function of 














(a )  Stresses  a long hole  boundary.  
r / e’d = 
180 
I I I 
0 1 2 3 
x/R 
(b) Shear stress along shear-out  plane (y = R)  . 
Figure  12.- S t r e s s e s  i n  q u a s i - i s o t r o p i c  l a m i n a t e  as a func t ion  o f  
e/d; w/d = 20. 
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4 r  n 
( a )  S t r e s s e s  a l o n g  hole boundary. 
I I I I 
0 1 2 3 
x/R 
(b) Shear  stress a long  shear -out  p lane  (y  = R) . 
X 
Figure  13. -  S t r e s s e s  i n  Oo l amina te  as a f u n c t i o n  of e/d; w/d = 20. 
31 
( a )  S t r e s ses   a long   ho le   boundary .  
~L 
0 1 2 3 
x /  R 
( b )  Shear stress a long  shea r -ou t  p l ane  ( y  = R )  . 
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( a )  Stresses a long  hole boundary. 
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0 1 2 3 
x/R 
(b) Shear  stress a long  shear -out  p lane  (y = R)  . 












e / d  = 1 
I I 1 I I I 1 
0 90 180 
(a)  S t r e s ses   a long   ho le   boundary .  
0 
/- e / d  = 
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0 1 2 3 
x/R 
(b)  Shear stress a long  shea r -ou t  p l ane  (y  = R) . 
Figure  16.- Stresses i n  1 +45OjS l amina te  as a f u n c t i o n  of e/d; w/d = 20. 
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(a) Stresses along  hole   boundary.  
lr = 
0 1 2 3 
x/R 
(b) Shear  stress a long  shea r -ou t  p l ane  (y = R) . 
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Figure 18.- 000 stress-concentration  factors  as a function  of 
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Figure 19.- Normalized aeg stress-concentration  factors  as  a  function of 
e/d; w/d = 20. 
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Figure 20.- Txy stress-concentration  factors for shear-out 
plane ( y  = R) ; w/d = 20. 
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Figure 21.- Normalized TXy stress-concentration  factors €or  shear-out 
plane ( y  = R); w/d = 20. 
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Figure 22.- stress-concentration  factors  for a square  quasi-isotropic 
laminate loaded by a rigid pin. 
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